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Abstrat: We give a haraterisation of those loal not neessary ommutative
rings, for whih the ategory of projetive modules admits a triangulation with
the identity as translation funtor. By "admits a triangulation" we mean that
the ategory an be given the struture of a triangulated ategory that satises
the standard set of axioms inluding the otahedral axiom.
1 Introdution
Among ategories of modules that admit triangulated struture, the simplest example is
probably that of k-vetor spaes for a eld k. Here the translation funtor is the identity
and distinguished triangles are given by sequenes of the form
X
u // Y
v // Z
w // X ,
suh that
X
u // Y
v // Z
w // X
u // Y
is an exat sequene of k-modules. An alternative desription is to say that the distinguished
triangles are preisely the ontratible triangles, as dened by Neeman in [Nee, 1.3.5℄. It
is almost immediately lear that all the axioms are satised thanks to the fat that all k-
modules are projetive. This example an be generalized without muh eort: we adopt
the analogous denition of distinguished triangles to the ategory of R-modules for any ring
R, suh that every module is projetive, and we indeed obtain a triangulated struture for
this ategory with translation funtor the identity. What kind of rings have this property?
The answer an be given straightforward - all modules being projetive is equivalent to all
modules being injetive. In partiular all submodules of the module R are diret summands,
whih implies that R is semisimple. On the other hand, all modules over a semisimple ring
are projetive. The Artin-Wedderburn theorem gives us a preise haraterization of the
semisimple rings: They are of the form R = R1 × R2 × · · · × Rn , where Ri is a full matrix
ring Mni(di) over some skew eld di for every i from 1 to n.
Looking at this example it seems reasonable to try to give a triangulation for a ategory of
projetive modules over more general rings by just taking exat sequenes of modules. It is
in fat true that if suh a ategory admits a triangulation then the distinguished triangles
are exat as a sequene of modules, but one should be aware of the fat that onversely,
this naive onstrution does not produe a triangulation in general. For a ounterexample
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one an think of the ategory of projetive Z-modules: learly there is no exat sequene of
projetive (thus free) Z-modules of the required form
Z
·3 //
Z
// ? // Z
·3 //
Z
,
starting with the map Z
·3
→ Z, so the rst axiom of a triangulated ategory an not be
satised. This is just one of the problems that may our in the above onstrution when
not all modules over the given ring are projetive. Atually, there are plenty of examples
of rings for whih the ategory of projetive modules does not admit a triangulation at all.
Indeed, a neessary ondition for this is that the ring is Quasi-Frobenius. However, it is
by no means suient, and so the question for a haraterization of rings whih allow a
triangulation of their ategories of projetive modules arises. In [HL℄ an answer is given in
the ase where the onsidered rings are ommutative, and so our aim is to generalize this
result to not neessarily ommutative rings. We are though going to restrit our attention
to loal rings. Denote by P and P fg the ategories of projetive left R-modules and nitely
generated projetive left R-modules. Our main theorem is:
Theorem 3.5. Let R be a loal ring with maximal ideal m. Then there exists a triangulation
for P, or P fg respetively, with Σ = Id if and only if m2 = 0, m = Rx = xR for all x ∈
m\{0} and in addition one of the following onditions holds:
(i) R is a skew eld, i.e., m = {0}
(ii) m = 2R
(iii) charR = 2, i.e., 1+ 1 = 0 in R, and for some x ∈ m\{0} there is a nontrivial element
rx ∈ R/m suh that
a) σx(rx) = rx
b) σ3x(t) = r
−1
x trx for every t ∈ R/m
Here σx is a ertain automorphism of the skew eld R/m that depends on the hosen
generator x of m (Lemma 3.3). In the proof of these results we are going to onstrut an
expliit triangulation for the dierent ases, using an idea from the artile of F. Muro, S.
Shwede, N. Strikland [MSS℄. Interesting questions that ome up are whether there are
dierent triangulations in the onsidered ases and - if so - how they look like. We will also
give answers to these, for the most part.
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Now, let us start with some
2 Preliminaries
We begin by xing some notation and reolleting the needed terminology.
Let C be an additive ategory and Σ : C → C an equivalene. A triangle in C (with respet
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to Σ) is a diagram in C of the form
X
u // Y
v // Z
w // ΣX
suh that the omposites vu, wv and (Σu)w are the zero morphisms. Amorphism of triangles
is then a ommutative diagram of the form
X
u //
f

Y
v //
g

Z
w //
h

ΣX
Σf

X ′
u′ // Y ′
v′ // Z ′
w′ // ΣX ′.
In this ontext we also have the notion of amapping one whih is analogous to the denition
of the mapping one of a hain map, namely, we dene the mapping one of the above
morphism to be the triangle
Y ⊕X ′
„
−v 0
g u′
«
// Z ⊕ Y ′
“
−w 0
h v′
”
// ΣX ⊕ Z ′
„
−Σu 0
Σf w′
«
// ΣY ⊕ ΣX ′.
Now, a triangulated ategory T is an additive ategory together with a selfequivalene
Σ : T → T and a lass of triangles (with respet to Σ), alled distinguished, suh that:
A.1 · The lass of distinguished triangles is losed under isomorphisms of triangles.
· The triangle X
id // X // 0 // ΣX is distinguished for every X ∈ Ob(T ).
· For any morphism u : X → Y in T there exists a distinguished triangle of the form
X
u // Y // Z // ΣX .
A.2 · A triangle X
u // Y
v // Z
w // ΣX is distinguished i its translate
Y
v // Z
w // ΣX
−Σu // ΣY is.
A.3 · For any ommutative diagram with distinguished rows of the form
X
u //
f

Y
v //
g

Z
w // ΣX
Σf

X ′
u′ // Y ′
v′ // Z ′
w′ // ΣX ′,
there is a morphism h : Z → Z ′ ompleting
the diagram to a morphism of triangles, in a
way that the mapping one is distinguished.
This set of axioms is equivalent to the ommon one inluding the otahedral axiom as
shown by Neeman in [Nee, 1.4.6℄ and [Nee2, 1.8℄, and it will turn out to be more onvenient
for our purpose.
Further, two maps of triangles will be alled homotopi if they dier by a homotopy
X
u //
f ′

f

Y
Θ
~~}}
}}
}}
}}
}}
}}
}}
}}
}
v //
g′

g

Z
Φ
~~ ~
~~
~~
~~
~~
~~
~~
~~
~
w //
h′

h

ΣX
Σf ′

Σf

Ψ
}}{{
{{
{{
{{
{{
{{
{{
{{
{{
X ′
u′ // Y ′
v′ // Z ′
w′ // ΣX ′.
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This means there are morphisms Θ, Φ and Ψ as in the diagram suh that
g − g′ = Φv + u′Θ
h− h′ = Ψw + v′Φ
Σ(f − f ′) = Σ(Θu) + w′Ψ.
As one should expet homotopi morphisms have isomorphi mapping ones. For a proof of
this fat see [Nee, 1.3.3℄. Another notion that we are going to make use of are the ontratible
triangles. We all a triangle ontratible if the identity map is homotopi to the zero map.
A homotopy between both maps is alled a nullhomotopy. Later on we are going to use the
fats that a ontratible triangle in a triangulated ategory is always distinguished, and that
a morphism having a ontratible triangle as soure or target is homotopi to the zero map
([Nee℄ Proposition 1.3.8 and Lemma 1.3.6).
Coming bak to what we originally wanted to do, we set the following notation: P will denote
the ategory of projetive R-modules and P fg the ategory of nitely generated projetive
R-modules, where R is a (not neessarily ommutative) ring. Later on in this setion R will
be assumed to be a loal ring. When we write R-modules we will mean left R-modules and
by an ideal (without adjetive) we will understand a two-sided ideal. As usual HomR(P,Q)
denotes the set of all R-module homomorphisms between the R-modules P and Q. As we
mentioned in the introdution, Hovey and Lokridge gave a omplete haraterization of the
ommutative rings for whih P and P fg admit a triangulation with Σ = Id. Some of their
preliminary results apply also in the general ase and we are going to use them.
Reall that a ring is alled Quasi-Frobenius (short QF) if every injetive R-module is proje-
tive or equivalently every projetive R-module is injetive. There are many other harater-
izations of QF rings, f. [Lam2, 15.1℄ and [F, 24.20℄. In [HL, 3.4℄ it is shown that if P admits
a triangulation, then R is a QF ring. This is an easy onsequene of the fat that every
distinguished triangle in P (or also P fg) is exat, sine the funtor HomR(R,−) onverts a
given distinguished triangle into an exat sequene of R-modules isomorphi to the original
triangle, and for this reason every injetive module an be embedded into a projetive one,
thus, is projetive itself:
P
f
// Q

// T // ΣP
M
/

??~~~~~~~~
Here, P
f
// Q // // M // 0 is a presentation of the injetive moduleM by projetive
modules.
A very similar argument [HL, 3.5℄ provides that if P fg admits a triangulation then R is a
left and right IF ring. Reall that R is said to be a left respetively right IF ring if all
injetive left respetively right R-modules are at. Adding the ondition that R is left or
right noetherian implies that R is even a QF ring ([Co℄).
Now, as mentioned in the beginning we are going to diret our attention to loal rings. The
reason for this is that only in this ase we have suient information about the struture of
QF rings so that it is possible to extrat enough information for a possible triangulation. In
the ommutative ase an arbitrary QF ring is a produt of loal QF rings, and so, onsidering
only the loal ase is not really a restrition. We should speify what we mean by a loal
ring. R is dened to be loal if there is a unique maximal left ideal. This turns out to be
the same as requiring a unique maximal right ideal (that indeed oinsides with the maximal
left ideal) or also asking for R/ radR to be a skew eld (see for example [Lam1℄). Note, that
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this is in general not the same as having a maximal two-sided ideal. From now on R will
denote a loal ring and in the light of this we introdue the following additional notation:
m the unique maximal ideal of R
d := R/m the residue skew eld of R
[r] ∈ d the residue lass of an element r of R
t˜ ∈ R a lift of an element t of d
R× the units in R
Z(R) the enter of R
Z(d) the enter of d
By a theorem of Kaplansky [Ka, 2℄ we know that the projetive modules over a loal ring
are exatly the free modules, thus, we are going to work in ategories of free respetively
nitely generated free modules.
3 Main results
Before beginning with the proof of the entral theorem we have to do some preparations.
Throughout, we are going to dierentiate between P and P fg only if neessary. First, we
dedue some restritions on the struture of the rings R that might our, provided P or
P fg is triangulated. The following proposition an also be found in [HL℄, but for our further
work it is reasonable to reall the proof.
Proposition 3.1. If the ategory of projetive modules P over a loal ring R or the ategory
of nitely generated projetive modules P fg over a loal left or right noetherian ring R admits
a triangulation with translation funtor Σ = Id, then the following properties hold for the
maximal ideal m of R:
(i) m
2 = {0}
(ii) m = Rx = xR for all x ∈ m\{0}
Proof. Without loss of generality m is not the zero ideal. As we saw, under the assumptions
of the theorem the ring R is QF, and further it is also assumed to be loal. Hene by [Ni,
3.9℄, socRR = socR R (write socR from here on) is a simple left and right module. In other
words, socR is an ideal that is both simple as a left and as a right R-module. Clearly, socR
is generated by one element, and we have socR = Rx = xR for any x ∈ socR\{0}.
We want to prove that m equals socR. Let us x some nontrivial, thus generating element x
of socR. Beause of the triangulation there is a distinguished triangle starting with the map
·x (right multipliation by the element x). This is of the form R
·x // R
f
// P
g
// R,
where P is some free module. Sine the triangle is exat, we have a short exat sequene of
R-modules:
0 // R/Rx // P // ker(·x) // 0
Note that ker(·x) equals the left annihilator annl(xR) = annl(socR) of the sole of R, and
that is preisely m (see for exemple [Ni, 8.11℄). We reall that sine R is left artinian and
left noetherian (beause of QF), all nitely generated left R-modules have nite length, so
we onlude that P also has nite length and we have:
l(P ) = l(m) + l(R/Rx) = l(m) + l(R)− 1 (⋆)
Sine m is maximal, l(R/m) is simple and so l(m) + 1 = l(R). Further, the length of
P is a multiple of the length of R. Coming bak to (⋆) the above onsiderations apply:
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kl(R) = l(R) − 1 + l(R) − 1 = 2l(R) − 2. Thus, k equals 1 and l(R) = 2. Therefore,
0 ⊂ socR ⊂ R is already a omposition series for R and socR equals m. It is now an easy
alulation that m
2
is trivial.
Remark 3.2. We observe that under the assumptions of the proposition a distinguished
triangle for the morphism ·x for some nontrivial element x of socR = m is given by
R
·x // R
·s // R
·t // R ,
where s and t are elements of R. Sine x is nontrivial, ·s and ·t an not be isomorphisms.
Beause x is not a unit, they an not be trivial, either. Hene, s and t are elements of m\{0}.
As suh we an represent them in the form s = xr1 and t = r2x for some appropriate units
r1 and r2. Then we have an isomorphism of triangles
R
·x // R
·xr1 // R
·r
−1
1

·r2x // R
R
·x // R
·x // R
·r¯x // R,
where r¯ = r1r2 is also a unit.
Another onsequene of the proposition is the following
Lemma 3.3. Every x ∈ m\{0} denes an automorphism σx : d → d of the residue skew
eld d = R/m, with the property xt˜ = σ˜x(t)x for all t ∈ d.
Proof. We dene σx via the property xt˜ = σ˜x(t)x: Let t be an element of d. Sine Rx = xR,
for a lift t˜ of t we have an element s of R with the property sx = xt˜. We set σx(t) = [s] ∈ d.
This assignment is well dened: Two lifts t˜ and t¯ dier by an element m ∈ m, and sine
xm = 0, we have xt¯ = x(t˜ + m) = xt˜. If s¯ also satises xt˜ = s¯x, then s¯x = sx, i.e.,
(s¯− s)x = 0. Hene, (s¯− s) is in m, and therefore [s¯] equals [s].
Next, we have to show that σx is a skew eld homomorphism: For t1 and t2 in d, t˜1+ t˜2 is a
lift of t1+t2. If s1 and s2 are elements with six = xt˜i for i = 1, 2, then (s1+s2)x = x(t˜1+ t˜2).
Now [s1 + s2] = [s1] + [s2] implies we have a homomorphism of groups with respet to +.
Similarly for multipliation, t˜1t˜2 is a lift of t1t2. We have xt˜1 t˜2 = s1xt˜2 = s1s2x, and hene
σx(t1t2) = [s1s2] = [s1][s2] = σx(t1)σx(t2). It is lear that σx(1) = 1.
Analogously, we an onstrut σx
−1
via the property t˜x = xσ˜−1x (t) for every t ∈ d.
Remark 3.4. One an ask what the onnetion between two suh automorphisms σx and σy
is. Sine we an write y = xr˜ for an appropriate r ∈ d, we observe for any t ∈ d:
σ˜y(t)y = yt˜ ⇔ σ˜y(t)xr˜ = xr˜t˜
⇔ σ˜y(t)σ˜x(r)x = xr˜t˜
⇔ σy(t)σx(r) = σx(rt)
Thus, σy(t) is equal to σx(r)σx(t)(σx(r))
−1
. In ase σx(r) is in the enter of d, we have an
equality between σx and σy . In partiular, if d is ommutative all nontrivial elements of m
dene the same automorphism.
Now we ontinue with the main result:
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Theorem 3.5. Let R be a loal ring that satises properties (i) and (ii) of Proposition 3.1
and m its maximal ideal. Then there exists a triangulation for P (resp. P fg) with Σ = Id if
and only if one of the following onditions hold:
(i) R is a skew eld, i.e., m = {0}
(ii) m = 2R
(iii) charR = 2, i.e., 1+ 1 = 0 in R, and for some x ∈ m\{0} there is a nontrivial element
rx ∈ R/m suh that
a) σx(rx) = rx
b) σ3x(t) = r
−1
x trx for every t ∈ R/m
We are going to all these three ases the "semisimple", the "mixed-harateristi" and the
"equiharateristi" ase, respetively.
Proof. Considering the unique map Z → R we are often going to talk of elements of Z as
elements of R. What is meant should be lear from the ontext. In the rst part of the
proof we show that R should satisfy one of the upper onditions:
If m is trivial, it is lear that R is a skew eld. For m 6= {0} there are two possibilities: m is
generated by some prime number p ∈ Z, or R ontains a eld. Indeed, if every prime number
p is a unit in R, then so is every other element of Z, and therefore Q an be embedded in
R. If p = 0 in R for some prime p, then there is a ringhomomorphism Fp → R that is a
monomorphism. If none of the above ases ours, then there exists a prime p with p an
element of m\{0}. Therefore p is a generator of m.
Before ontinuing we want to make the following note: a distinguished triangle in a triangu-
lated ategory is isomorphi to the triangle that is produed by altering two of the maps by
a sign. It is in general not true that hanging only one of the signs produes a distinguished
triangle, but in our ase sine the translation funtor is the identity, this is also true as
a onsequene of the seond axiom for triangulated ategories. Remark 3.2 allows us to
onsider the following ommutative diagram with distinguished triangles as rows:
R
·rx // R
·x // R
·x //
·t

R
R
·rx // R
·x // R
·−x // R ,
By Axiom 4 there is a ller ·t ompleting the above to a morphism of triangles. This implies
that t is a unit in R representing the lass of 1 ∈ d, and thus x = −x. In the ase, that a
eld Fp an be embedded in R, we onlude from 2x = 0 that 2 equals 0 or in other words
Fp = F2. In the ase that the maximal ideal is generated by a prime p, 2p = 0 fores p to
be 2.
In both of the ases where R 6= d, we also have the llers in the diagrams
R
·x // R
·x // R
·rx //

R
R
·x // R
·rx // R
·x // R
R
·x //
·σ˜x(s)

R
·x //
·s˜

R
·rx //

R
·σ˜x(s)

R
·x // R
·x // R
·rx // R ,
Here, x still denotes some generating element of m, s is some element of d and s˜ a lift of s
in R. Call the ller in the left diagram ·t. We have xt = rx and tx = rx, thus σx([t]) = [r]
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and [t] = [r]. In other words, σx([r]) equals [r]. Denote the right ller by ·u˜, for u ∈ d.
We have the following onditions: σx(u) = s and [r]σ
2
x(s) = u[r]. Together they fore
σ3x(u) = [r]
−1u[r], where u equals σ−1x (s). Sine s was an arbitrary element of d and σ
−1
x is
bijetive, we onlude that σ3x(u) = [r]
−1u[r] for every u ∈ d. Hene, we are done with the
rst part of the proof.
Atually we showed more than was stated: we showed that under the assumption that a
triangulation exists, in both the mixed-harateristi and the equiharateristi ase the
properties a) and b) are satised for any x ∈ m\{0} together with some appropriate rx.
The seond step is to onstrut a triangulation for eah of the three ases. The ategory
of (nite dimensional) vetor spaes over a skew eld has a unique triangulated struture
analogous to vetor spaes over a eld, that we introdued at the beginning. The other two
ases are more interesting. We are going to treat them together. We are going to use the
onstrution from [MSS℄, but omplete and modify it for our purpose. When possible, we
are going to stik to their notation.
First x an x and an rx with the properties a) and b). Note that in ase m = (2), we an
take x = 2 and rx = 1 or in general any other rx that is in the enter of d. We also have
x = −x in both ases. Dene distinguished triangles to be triangles isomorphi to a diret
sum (nite when working in P fg) of ontratible triangles and triangles △R of the form:
△R : R
·x // R
·x // R
·frxx // R
For a free R-module M we will denote by △M the triangle
△M : M
·x // M
·x // M
·frxx // M,
that is a diret sum of the triangles △R (hoie of a basis is involved!).
We have to verify the three axioms.
A.1: Distinguished triangles are losed under isomorphisms by denition and the triangle
P
id // P // 0 // P
is ontratible for any objet P .
Now we need the following lemma:
Lemma 3.6. In the above ontext, for any morphism f : P → Q in the ategory P (resp.
P fg), there is a ommutative diagram
P
f
//
∼=

Q
∼=

M ⊕N ⊕ V
„
1 0 0
0 ·x 0
0 0 0
«
// M ⊕N ⊕W ,
for appropriate free modules M , N , V and W .
From this lemma it is lear that f is a part of a distinguished triangle as required, sine
there is a triangle starting with f that is isomorphi to the distinguished triangle
M ⊕N ⊕ V
„
1 0 0
0 ·x 0
0 0 0
«
// M ⊕N ⊕W
„
0 0 0
0 ·x 0
0 0 1
«
// V ⊕N ⊕W
„0 0 0
0 ·frxx 0
1 0 0
«
// M ⊕N ⊕ V.
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Proof of Lemma 3.6. We an use Zorn's lemma to determine the largest free submodule of
P suh that the restrition of f on it is trivial: Let W denote the set of all free submodules
with this property. As usual, a partial ordering is given by the inlusion of submodules and
the empty set is an element of W. We have to show that for every totally ordered subset
{Wi}i∈I′ , the union
⋃
i∈I′ Wi is also in W, i.e. is a free R-module. Though a ltered olimit
of free modules over an arbitrary ring need in general not be a free module, we are in the
speial situation where every inlusion of free modules splits (free=projetive=injetive),
and the omplementary module is as a diret summand of a free module a projetive=free
module itself. For a preise argument one needs transnite indution sine we have a possibly
unountable union. One shows that there is a ompatible system of bases of the modules
Wi. The suessor ase is exatly the fat disussed above. A basis of Wi an be ompleted
to a basis of Wi+1 sine there is a free omplement. For the limit ase, assumed there are
ompatible bases for all the modules Wi for i < α for a given limit ordinal α, then a basis
for
⋃
i<αWi is given by the union of the bases for Wi, where elements of dierent bases are
being identied via the inlusions. Now Zorn's lemma gives us a maximal element, say V ,
whih again has a free omplement in P . Use the same method to split this omplement into
two modules M and N , suh that M is maximal free with the property that f is injetive
on it. Using the maximality of M and V one easily alulates that f restrited on N is
(after an appropriate hoie of a basis) just multipliation by the element x. The statement
follows.
Now bak to the seond axiom:
A.2: A triangle is ontratible i its translate is. The translate of △R is
R
·x // R
·frxx // R ·x // R ,
and it is isomorphi to the original one beause of σx(rx) = rx:
R
·x // R
·x // R
·frxx //
·frx

R
R
·x // R
·frxx // R ·x // R
On the other hand, △R is the translate of the triangle
R
·frxx // R ·x // R ·x // R ,
whih is also isomorphi to △R by the same argument.
A.3: We start by showing that any diagram of distinguished triangles of the form
A
f
//
α

B
i //
β

C
q
// A
α

A′
f ′
// B′
i′ // C′
q′
// A′
an be ompleted to a morphism of triangles. Assume rst that one of the rows is on-
tratible. If this is the upper row, we an opy this part in the proof of Theorem 1 of [MSS℄
without any hange. However, there is no possibility of using the duality funtor mentioned
there for the ase where the lower triangle is ontratible sine we are also working in P , so
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we give an expliit onstrution:
Let (Θ,Φ,Ψ) denote a nullhomotopy for the lower triangle:
A
f
//
α

B
i //
β

C
q
// A
α

A′
1

0

f ′
// B′
1

0

Θ
}}
}
~~}}
}
i′ // C′
1

0

Φ
||
|
~~||
|
q′
// A′
1

0

Ψ
}}
}
~~}}
}
A′
f ′
// B′
i′ // C′
q′
// A′
Sine the rows are exat we an fatorize i′β through the okernel of f (in the ategory of
R-modules), and then use that C′ is injetive, to onstrut a map γ′ suh that γ′i = i′β:
B
i //
β

 ?
??
? C
γ′

okerf
/

?
?
??
?
B′
i′ // C′
Now set γ = γ′ +Ψ(αq − q′γ′). We have
γi = γ′i+Ψ(αqi− q′γ′i) = i′β
q′γ = q′γ′ + q′Ψ(αq − q′γ′) = q′γ′ + (1−Θf ′)(αq − q′γ′) =
= q′γ′ + αq − q′γ′ −Θf ′αq +Θf ′q′γ′ = αq
Thus, γ is the desired map.
If both triangles are isomorphi to diret sums △R, then, using the isomorphisms, we are
searhing a ller in
P
·x //
f

P
·x //
g

P
·frxx //

P
f

Q
·x // Q
·x // Q
·frxx // Q ,
for appropriate f and g. We an think of these maps as matries with entries gij and fij
respetively, in R. Beause of the ommutativity of the rst square we have the relation
fijx = xgij . We dene the desired ller by setting hij =
˜σ−1x ([gij ]) for some lift (hoose
one) of σ−1x ([gij ]). This denition makes the middle square ommute, and we only need to
hek that the right square ommutes. Using the relation between gij and fij as well as the
properties of x and rx we alulate
r˜xxfij = r˜x ˜σx([fij ])x = r˜x ˜σ2x([gij ])x = r˜x
˜σ3x([hij ])x = [˜hij ]r˜xx = hij r˜xx.
We want to make a few omments:
• Note that we an alter the ller by adding µ(·x) + (·x)ν for any µ, ν : P → Q.
• It is also worth remarking that if f is an isomorphism, so are g and h: Indeed, assumed
f is an isomorphism, applying Lemma 3.6 on g and using the equality g(·x) = (·x)f
one easily sees that g is an isomorphism. The same argument provides that h is also
one.
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• Given the map f , one an always dene g and h. Thus, in the ase where f is an
isomorphism, we an omplete it to an isomorphism of the distinguished triangles (of
ourse this applies only in this speial ase where the triangles are isomorphi to diret
sums of △R).
Now we are ready to proeed and show that the ompletion an be done suh that the
mapping one is distinguished. We have the following situation:
φ =
(
φ11 φ12
φ21 φ22
)
: X ⊕ T → Y ⊕ U ,
where X ⊕ T and Y ⊕U are distinguished triangles with T and U ontratible triangles, X
and Y isomorphi to diret sums of△R, and φ = (α, β, γ) and eah of the φij = (αij , βij , γij)
morphisms of triangles. We should modify γ in an appropriate way. Observe that φ12, φ21
and φ22 are nullhomotopi sine in eah ase the soure or the target is ontratible. Putting
the three homotopies together gives a homotopy from
(
φ11 φ12
φ21 φ22
)
to
(
φ11 0
0 0
)
, whih means that
the orresponding mapping ones are isomorphi. On the other hand, the one of
(
φ11 0
0 0
)
is
itself isomorphi to the diret sum of the mapping ones of φ11, U and the translate of T .
Sine the last two are ontratible, our problem redues to the ase φ11 : X → Y with X
and Y as above. For suitable free modules M , N , V and W we an represent the map α11
as in Lemma 3.6:
X1
α11 //
∼=

Y1
∼=

M ⊕N ⊕ V
„
1 0 0
0 ·x 0
0 0 0
«
//M ⊕N ⊕W
As we observed, the vertial isomorphisms an be extended to isomorphisms of exat trian-
gles. Thus, we an restrit our investigation to the ase:
M ⊕N ⊕ V
·x //„
1 0 0
0 ·x 0
0 0 0
«

M ⊕N ⊕ V
·x //
β¯11

M ⊕N ⊕ V
·frxx //
γ¯11

M ⊕N ⊕ V„
1 0 0
0 ·x 0
0 0 0
«

M ⊕N ⊕W
·x // M ⊕N ⊕W
·x // M ⊕N ⊕W
·frxx // M ⊕N ⊕W
Let α¯11 and δ denote the maps from M ⊕ N ⊕ V to M ⊕ N ⊕ W given by
α¯11 =
(
1 0 0
0 ·x 0
0 0 0
)
and δ =
(
0 0 0
0 1 0
0 0 0
)
. The morphism β¯11 is of the form α¯11 + Φ(·x) for some
Φ : M ⊕ N ⊕ V → M ⊕ N ⊕ W (f. the relation between f and g in the onstrution
of a ller for the ase where the rows where diret sums of △R). Now, set γ¯11 to be
β¯11 + Φ(·x) + (·x)δ + (·x)Φ = α¯11 + (·x)δ + (·x)Φ. We laim that (δ,Φ, 0) is a homotopy
from (α¯11, β¯11, γ¯11) to the morphism ζ = (ǫ, ǫ, ǫ), where ǫ =
(
1 0 0
0 0 0
0 0 0
)
. The three equations for
a homotopy hold:
β¯11 − ǫ = Φ(·x) + (·x)δ
γ¯11 − ǫ = α¯11 + (·x)δ + (·x)Φ − ǫ = (·x)Φ = 0(·r˜xx) + (·x)Φ
α¯11 − ǫ = δ(·x) = δ(·x) + (·r˜xx)0
It only remains to observe that the mapping one of ζ is isomorphi to the diret sum of
△N , △W , the translate of △N , the translate of △V with the mapping one of the identity
on △M , whih an be easily heked to be ontratible.
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From the two theorems in this setion we onlude that P is triangulated with translation
funtor the identity if and only if R satises properties (i) and (ii) of Proposition 3.1 as well
as one of the onditions (i), (ii) or (iii) of the above theorem. The analogous statement
holds for P fg provided R is left or right noetherian.
In the proof of the theorem we have given an expliit triangulation for the studied at-
egories. A natural question is whether there are dierent triangulated strutures. In the
semisimple ase the triangulation is always unique. This is due to the fat that there every
morphism in the ategory P (resp. P fg) is up to isomorphism of the form
U1 ⊕ U2
(0 10 0) // U2 ⊕ V1,
and this is part of the triangle
U1 ⊕ U2
(0 10 0) // U2 ⊕ V1
(0 00 1) // U1 ⊕ V1
(0 01 0) // U2 ⊕ U1,
whih is ontratible. Thus, this triangle is distinguished in an arbitrary triangulation. Sine
every two distinguished triangles starting with the same morphism are (non anonially)
isomorphi, and the lass of distinguished triangles is losed under isomorphisms, we see
that the triangulation is unique.
Let us now onsider the other two ases. We will denote the triangulation indued by the
generating triangle
R
·x // R
·x // R
·frxx // R
by
arx
. In Theorem 3.5 (iii), in order to have a triangulation, we required the existene
of an element rx of d with σx(rx) = rx and σ
3
x(t) = r
−1
x trx for some generator x of m.
On the other hand, as we saw in the rst part of the proof of the theorem, in both the
mixed-harateristi and the equiharateristi ase, a given triangulation denes for every
generator x ∈ m\{0} an element rx of d that satises the above onditions. Clearly, the
triangulation indued by x and rx oinides with the original one. All these fats imply that
to ompare triangulations it is enough to x one partiular generator of the maximal ideal
and observe those elements of d\{0}, that together with this generator satisfy onditions a)
and b) of Theorem 3.5. In the mixed harateristi ase it is reasonable to take x = 2. We
have a map {
triangulations of P (resp.P fg)
}
→ Z(d)
irx
7→ rx
where Z(d) denotes the enter of the residue eld d. Indeed, as we mentioned in the proof of
the theorem, every element rx ∈ d
×
that denes a triangulation together with x = 2, should
be in the enter of d. In the equiharateristi ase we an also onstrut suh a map. For
this we x a triangulation
arx
and dene{
triangulations of P (resp.P fg)
}
→ Z(d)σx .
ir′
x
7→ r−1x r
′
x
Here Z(d)σx is the eld of xed points of Z(d) under σx. There is to hek that r
−1
x r
′
x lies
in Z(d)σx . We use again onditions (a) and (b) of Theorem 3.5:
σx(r
−1
x r
′
x) = σx(r
−1
x )σx(r
′
x) = r
−1
x r
′
x,
t = rxσ
3
x(t)r
−1
x = r
′
xσ
3
x(t)(r
′
x)
−1
for any t ∈ d
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The seond equation an be written as r−1x r
′
xσ
3
x(t) = σ
3
x(t)r
−1
x r
′
x whih together with the
fat that σx is an automorphism implies that r
−1
x r
′
x is a entral element of d.
We are now ready to formulate the results about dierent triangulations in the mixed-
harateristi and the equiharateristi ase:
Corollary 3.7. Provided P (resp.P fg) an be triangulated, the above maps indue bijetions
(i) mixed-harateristi ase:
{
triangulations of P (P fg)
} 1:1
↔ {nontrivial elements of Z(d)}
(ii) equiharateristi ase:
{
triangulations of P (P fg)
} 1:1
↔ {nontrivial elements of Z(d)σx}
Proof. In the mixed-harateristi ase we have taken x = 2 as usual. Thus σ32 is the identity
and an element r2 of d\{0} denes a triangulation via the generating triangle
R
·2 // R
·2 // R
·2 er2 // R
if and only if r2 is in Z(d)\{0}.
On the other hand, two dierent elements r2 and r
′
2 of Z(d)\{0} dene dierent triangula-
tions. Else there should exist the ller in the diagram
R
·2 // R
·2 // R
·2 er2 //

R
R
·2 // R
·2 // R
·2 er′
2 // R,
whih would fore r2 = r
′
2.
In the equiharateristi ase in order to have more than one triangulation we again ne-
essarily need at least two dierent elements rx, r
′
x of d\{0} that satisfy the onditions a)
and b) with respet to the xed generator x of m. The same argument as above shows that
the indued triangulations are dierent. Hene we only have to show that the given map
is surjetive. For this it is enough to see that for every element z of Z(d)σx , rxz denes a
triangulation
arxz
. Indeed, rxz is a xed point of σx sine rx and z are, and moreover
σ3x(t) = r
−1
x trx = z
−1r−1x trxz = (rxz)
−1
t(rxz)
holds beause z is in the enter of d.
We know now whether there are dierent triangulations or not, but the question remains,
if, whenever they exist, these dierent triangulations are equivalent or even isomorphi?
That is, is there an equivalene or even an isomorphism F of the ategory P (resp. P fg),
that together with a natural transformation η : FΣ → ΣF maps distinguished triangles of
one triangulation to distinguished triangles of another triangulation. To answer these ques-
tions in full generality we possibly need a full lassiation of the ourring rings. We will
restrit our attention to determine isomorphi triangulations in a very strong sense: where
the funtor F is the identity.
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Let us rst make some observations: The enter of R, Z(R) is a subring of R that is itself
loal. Denote by d′ the residue eld of Z(R), then learly the following diagram ommutes:
Z(R)



/ R

d′


/ Z(d)σx 

/ Z(d) 

/ d
We note that d/Z(d) is a skew eld extension, and Z(d)/d′ and Z(d)σx/d′ are eld extensions.
Using the result of the previous orollary, we want to desribe the isomorphi lasses of
triangulations in the sense disussed above. We laim that the identiation is realized by
the projetion maps
Z(d)× → Z(d)×/d′×
(Z(d)σx)× → (Z(d)σx)×/d′×
In other words:
Corollary 3.8. For the equivalene lasses of isomorphi triangulations with F = Id as
disussed above, there are the following bijetions:
(i) mixed-harateristi ase:
{
equivalene lasses of triangulations of P (P fg)
} 1:1
↔
{
elements of Z(d)×/d′×
}
[arx] 7→ [rx]
(ii) equiharateristi ase:
{
equivalene lasses of triangulations of P (P fg)
} 1:1
↔
{
elements of (Z(d)σx)×/d′×
}
[ar′
x
]
7→ [r−1x r
′
x]
where
arx
is a xed triangulation.
Proof. At the beginning we treat (i) and (ii) together.We laim that two nontrivial elements
rx and r
′
x of d dene, together with the generator x of m, equivalent triangulations if and
only if there is a lift of r−1x r
′
x in R that is in Z(R).
Assume rst r ∈ Z(R) is a lift of r−1x r
′
x. To dene a natural transformation η hoose for
every P ∈ P an isomorphism fP : P →
⊕
IP
R for an appropriate set IP . We insist that in
ase P =
⊕
IP
R, fP is the identity. Set ηP : P → P to be the omposite
P
fP //
⊕
IP
R
·r //
⊕
IP
R
f
−1
P // P.
Note that ηP is an isomorphism.
Sine r is an element of the enter of R, this gives us a natural transformation η : Id ◦ Σ =
Id→ Id = Σ ◦ Id. The triangle
R
·x // R
·x // R
·frxx // R
is mapped under (Id, η) to the generating triangle
R
·x // R
·x // R
·fr′
x
x
// R .
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For ontratible triangles we have: if (Θ,Φ,Ψ) is a nullhomotopy for
P
u // Q
v // T
w // P ,
then (Θ,Φ,Ψη−1P ) is one for
P
u // Q
v // T
η
P
w
// P .
Clearly, diret sums of ontratible triangles with triangles isomorphi to sums of generat-
ing triangles are also mapped to distinguished triangles under (Id, η). Therefore (Id, η) :
(P ,
arx)→ (P ,
ar′
x) is an isomorphism of triangulated ategories.
Conversely, if a natural transformation η : Id→ Id is given, it denes an element r in Z(R)
via the map ηR = ·r. If (Id, η) : (P ,
arx) → (P ,
ar′
x) is an isomorphism of triangulated
ategories, then the generating triangle of
arx
should be mapped to the generating triangle
of
ar′
x
. Hene, we see that rx[r] equals r
′
x. This fores [r] = r
−1
x r
′
x and so r is a lift of r
−1
x r
′
x
in the enter of R.
Translating what we showed into other language: in the light of Corollary 3.7, the elements
of Z(d)σx that are in the same equivalene lass as rx are preisely those of the form rxz
for z ∈ (d′)×. This yields the result for the equiharateristi ase. Taking x = 2 and using
σ2 = id gives the one for the mixed-harateristi ase.
A diret result from this orollary is that if the ring R is ommutative, then all the trian-
gulations are isomorphi.
4 Examples
In this setion we want to give examples for the rings ourring in Theorem 3.5. In partiular,
we are interested in the existene of non ommutative ones. For the semisimple ase there
are learly plenty of examples - for every skew eld the ategories of vetor spaes and nitely
generated vetor spaes are triangulated. We therefore start with the mixed-harateristi
ase.
Reall the ring of Witt vetors W(k) over a perfet eld k of harateristi p. It is a
ommutative disrete valuation ring with maximal ideal mˆ = pW(k) and residue eld k.
The ring of Witt vetors of length 2 then is dened asW2(k) :=W(k)/mˆ
2
, a loal ring with
only one nontrivial ideal, namely m¯ = pW2(k). Another desription of W2(k) is in terms of
vetors (a0, a1) ∈ k × k where the addition and the multipliation are given by:
(a0, a1) + (b0, b1) = (a0 + b0, a1 + b1 +
1
p
(ap0 + b
p
0 − (a0 + b0)
p
)
(a0, a1) · (b0, b1) = (a0 · b0, b0
pa1 + b1a0
p)
For example, for p = 2 this redues to
(a0, a1) + (b0, b1) = (a0 + b0, a1 + b1 + a0b0)
(a0, a1) · (b0, b1) = (a0 · b0, b0
2a1 + b1a0
2).
Componentwise appliation of the Frobenius automorphism
Fr : k → k
a 7→ ap
15
4 Examples
indues a ring homomorphism
F :W2(k)→W2(k)
(a0, a1) 7→ (a0
p, a1
p)
that is indeed an isomorphism sine k is perfet. If we now take k to be of harateristi
2, then we immediately obtain a ommutative example for (ii). For a non ommutative
one we take k of harateristi 2, but dierent from F2, and set R = W2(k)((X,F )), the
skew Laurent series ring assoiated to W2(k) and F . Elements in R are of the form a =∑∞
i=−n aiX
i
, where n ∈ N depends on a and the ai's are elements of W2(k). Addition is
done omponentwise, multipliation is given by the formula
∞∑
i=−n
aiX
i ·
∞∑
i=−m
biX
i =
∞∑
k=−n−m
( ∑
i+j=k
aiF
i(bj)
)
Xk.
In other words, we take the usual multipliation in the Laurent series ring exept for the
fat that elements of W2(k) do not ommute with X , but are multiplied by the rule Xai =
F (ai)X . One easily sees that this makes R into a unital non ommutative ring. We laim
that R is loal with maximal ideal generated by 2: For this purpose we show that a =∑∞
i=−n aiX
i ∈ R is a unit if and only if one of the ai's is a unit in W2(k). One diretion is
lear: If all oeients are non units, i.e., are in the maximal ideal m¯ of W2(k), we have
∞∑
i=−n
aiX
i ·
∞∑
i=−n
aiX
i =
∞∑
k=−2n
( ∑
i+j=k
aiF
i(aj)
)
Xk = 0 ,
sine F maps the maximal ideal m¯ to itself, and therefore for every k ∈ N holds∑
i+j=k aiF
i(aj) ∈ m¯
2 = {0}. Hene, a annot be a unit. Now suppose a−n is a unit.
We an indutively dene the oeients bj of b =
∑∞
j=n bjX
j
in a way suh that b is
a right inverse for a, and in the same manner one an nd a left inverse for a. We on-
lude that a is a unit. If j > −n is minimal with aj ∈ W2(k)
×
, set c =
∑j−1
i=−n aiX
i
and
d =
∑
i≥j aiX
i
. So a equals c + d with c2 = 0 and d a unit. Note that (uc)2 equals 0 for
any u ∈ W2(k)((X,F )) sine the oeients of uc are still in m¯. We have:
a(d−1c− 1) = (c+ d)(d−1c− 1) =
= d(d−1c+ 1)(d−1c− 1) =
= d((d−1c)2 − d−1c+ d−1c− 1) =
= −d
Therefore, a is right invertible. Similarly, one shows that it is also left invertible, and so the
proof of the laim is done.
Now m¯ = 2W2(k) implies, that the non units of R form a right ideal, namely m = 2R whih
is of ourse also a left ideal sine 2 is entral, so we onlude that R is loal. Finally, we note
that we already saw that m
2
is trivial. It is also lear that there are no other nontrivial left
or right ideals sine this was the ase by W2(k). Therefore, m = xR = Rx for any element
x of m\{0}.
In the equiharateristi ase we use a onstrution similar to the skew Laurent series:
the skew polynomials. For a ring R′ and a ring homomorphism τ : R′ → R′, the assoiated
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skew polynomials R′[X, τ ] dier from the usual polynomials R′[X ] in the denition of the
multipliation: It is given, as in the ase of the skew Laurent series, by
n∑
i=0
aiX
i ·
m∑
i=0
biX
i =
n+m∑
k=0
( ∑
i+j=k
aiτ
i(bj)
)
Xk.
Take R′ to be the eld F8 and τ again the Frobenius automorphism. Then we have τ
3 = id.
Now set R = F8[X, τ ]/(X
2), where (X2) denotes the ideal generated by X2. Similar to the
previous example one sees that preisely the elements of the form a0+ a1X mod (X
2), with
a0 6= 0, are the units of R. Therefore, there is a unique ideal m in R, that is generated by the
lass of X : m = R[X ] = ([X ]) = [X ]R. Using the notation from Theorem 3.5, for x = [X ]
we have σx = τ : F8 → F8. Further, σ
3
x is the identity map, and one an take rx = 1, so all
the required onditions are satised. Sine in this partiular example 0 and 1 are the only
xed points of σx, we have uniqueness of the triangulation.
If we exhange F8 by F26 and τ by τ
2
we obtain another example, this time though, the
xed points of σx = τ
2
are exatly the elements of F4 understood as elements of F26 via
the anonial inlusion. Therefore, we an take rx to be any element of F
×
4 . Eah of them
denes a dierent triangulation but all these triangulations are isomorphi by Corollary 3.8,
sine every suh rx has a lift in the enter of R given by the lass [rx + 0 ·X ].
Looking bak one an ask whether there are dierent triangulations in the rst example.
The ondition on an element r ∈ d\{0} for dening a triangulation is r to be in the enter
of
d =W2(k)((X,F ))/2W2(k)((X,F )) ∼= k((X,Fr)).
Using the above isomorphism we view elements of d as elements in k((X,Fr)). One an
alulate that in the ase Fri 6= id for every i ∈ Z\{0} the enter onsists only of the
elements 0 and 1. If there exists q ∈ N with the property Frq = id, then the elements in
the enter of d are of the form
∑∞
i=−n aiX
iq
with n ∈ N, ai ∈ {0, 1} and q is minimal with
the required property. Corollary 3.7 implies we have dierent triangulations in this seond
ase, but for every
∑∞
i=−n aiX
iq
in Z(d)× we an nd a lift
∑∞
i=−n a¯iX
iq
in the enter of R.
Here, for a ∈ k = W2(k)/2W2(k) we take a¯ = (a, 0). Thus, also here all the triangulations
are isomorphi.
Remarks
In this artile we have treated a speial kind of rings, namely loal ones. In the ommutative
ase this is not a major restrition sine ommutative QF rings are produts of loal QF
rings, and so, using the fat that for R ∼= R′×R′′ holds ModR ∼= ModR′×ModR′′, one an
haraterize all the rings R for whih the ategory of projetive modules admits a triangu-
lation. The situation of non ommutative rings is dierent. Surely we an also generalize
our result for produts of loal rings. Using the Morita equivalene between a ring R and
the full matrix ring Mn(R) for n ∈ N one an also generalize the result for a produt of
matrix rings over loal rings. However, this still doesn't over all the possibilities of how a
QF ring ould look like in the general ase, so the question if a omplete haraterization
an be done, remains open.
At the end we want to remark that our mixed-harateristi ase provides us with some addi-
tional examples of the so alled exoti triangulated ategories introdued by Muro, Shwede
and Strikland in [MSS℄. These are ategories that are neither algebrai nor topologial
17
Referenes
triangulated (see [Ke06℄ and [Sh℄). They are haraterized by the fat that every objet
in the ategory is, as named in [MSS℄, exoti. This means that for every objet M in the
ategory, there is an exat triangle of the form
M
·2 // M
·2 // M // ΣM .
Hene, it is obvious that in the mixed-harateristi ase we are dealing with suh exoti
triangulated ategories. Atually, the examples onsidered in [MSS℄ are exatly the ate-
gories of nitely generated projetive modules over ommutative rings R, that satisfy the
onditions for the mixed-harateristi ase.
Referenes
[Coh℄ I. S. Cohen, On the struture and ideal theory of omplete loal rings,
Trans. Am.Math. So. 59 (1946), 54-106.
[Co℄ R.R.Colby, Rings whih have at injetive Modules, J. Algebra 35 (1975),
239-252.
[F℄ C. Faith, Algebra 2, Ring Theory, Springer Verlag, 1976
[F2℄ C. Faith, Rings and Things and a Fine Array of Twentieth Century Assoia-
tive Algebra, Seond Edition, Amerian Mathematial Soiety, 2004
[Hop℄ C.Hopkins, Rings with minimal ondition for left ideals, Ann. of Math. 40
(1939), 712-730.
[HL℄ M.Hovey, K. Lokridge, Semisimple Ring Spetra, New York J. Math., 15
(2009), 219-243.
[Ka℄ I. Kaplansky, Projetive Modules, Ann. of Math. 68 (1958), 372-377.
[Ke94℄ B.Keller, Deriving DG ategories, Ann. Si. Eole Norm. Sup.(4) 27 (1994),
no.1, 63-102.
[Ke06℄ B.Keller, On dierential graded ategories, International Congress of Math-
ematiians. Vol. II, 151-190, Eur. Math. So., Zürih, 2006.
[Kr℄ H.Krause, Derived ategories, resolutions, and Brown representability, Inter-
ations between homotopy theory and algebra, 101-139, Contemp. Math., 436
Amer. Math. So., Providene, RI, 2007.
[Lam1℄ T.Y. Lam, A First Course in Nonommutative Rings, Springer Verlag, 1991
[Lam2℄ T.Y. Lam, Letures on Modules and Rings, Springer Verlag, 1999
[Lo℄ F. Lorenz, Einführung in die Algebra 2, 2. Auage, Spektrum, 1997
[MSS℄ F.Muro, S. Shwede, N. Strikland, Triangulated ategories without models,
Invent.math 139 (2007), no.2, 231-241.
[Nee℄ A.Neeman, Triangulated Categories, Ann.Math. Stud. vol. 148 Prineton
University Press, Prineton, NJ (2001)
18
Referenes
[Nee2℄ A.Neeman, Some new axioms for triangulated ategories, J.Algebra 139
(1991), 221-255.
[Ni℄ W.K.Niholson, M. F.Yousif, Quasi-Frobenius Rings, Cambridge University
Press, 2003
[Sh℄ S. Shwede, Algebrai versus topologial triangulated ategories,
arXiv:0807.2592
[Se℄ J.-P. Serre, Loal Fields, Springer Verlag, 1979
19
